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ON BASICITY OF AN EXPONENTIAL SYSTEM WITH A 
DISCONTINUOUS PHASE IN THE SOBOLEV SPACE OF 
PIECEWISE DIFFERENTIABLE FUNCTIONS 

VALID F. SALMANOV, VIDADI S. MIRZOYEV, AND SEADET A. NURIYEVA 


Abstract. An exponential system with a piecewise linear phase is con¬ 
sidered. Necessary and sufficient conditions for basicity of this system 
in the Sobolev space of piecewise differentiable functions are found. 


1. Introduction 

When solving partial differential equations by the Fourier method, there often 
arise perturbed exponential systems of the following form 

/g *[nt 4-71 (t)]. , ^.1) 

l ’ I n;teJV ’ 

where 7 i(t), i = 1,2 ; are in general piecewise continuous functions on the 
segment [— 7 r, 7 r], N is the set of all positive integers. The justification of this 
method requires the study of basis properties of above systems in corresponding 
function spaces. 

Probably the study of basis properties of perturbed systems like (1.1) dates 
back to the famous works by R. Paley and N. Wiener [14] and N. Levinson 
[9]. Their basis properties in Lebesgue spaces L p (—ir, tt), p > 1 with 7 i(t) = 
f3t, i = 1 , 2 , where f3 is a real parameter, have been comprehensively studied in 
[10, 11, 18, 19], while the case when /3 is a complex parameter has been treated in 
[ 8 ]. In general case, when the functions 7 i(t), i = 1, 2, are piecewise continuous 
or simply measurable, basis properties of systems like (1.1) in L p p > 1 

have been explored in [1, 2, 3, 4], 

In case of Sobolev spaces W p (— 7 r; 7 r), the similar problems have been con¬ 
sidered in [12, 15]. Approximation properties of an exponential systems with a 
discontinuous phase in the space of piecewise continuous functions with the sup- 
norm have been studied in [7, 17, 13]. It should be noted that similar issues have 
been considered in [5, 16]. 

In this work an exponential system with a piecewise linear phase is considered. 
Necessary and sufficient conditions for basicity of this system in the Sobolev space 
of piecewise differentiable functions are found. 
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2. Needful information 


Define the Sobolev space of piecewise differentiable functions KW p (—7r; 7r). 
Denote 4 = (—7r, 0), 4 = (0, 7r), and let I = I\ U 4 . By f / M we denote the 
restriction of the function / to the set M. Assume 


/ e KW X V (- 7 r, 7 r) 44 f/ Ik € W p (4), k = 1, 2. 


Define the norm in KW p (—7r; 7 r) as follows 


\\f\\KWi(-n,n) 



where 


11/11^(0,6) — \\f\\p + II f 

and ||.|| is a usual norm in L p (a,b)\ 

b 1 /*■» 

Jl/ll„ = (jf \f(t)l p dt 

Denote the direct sum L p (— n, it) © C 2 by L p , i.e. 

Lp = Lp (-7T, 7r) © C 2 , 



where C is a complex plane. Define the norm in L p as follows: 


u 


— \\ u \\ l v + l-^l + IlI 5 


where 


u = (u; A; //) e L p , p > 1. 

The following lemma is of vital importance for the main result of this paper. 


Lemma 2.1. The operator 


Au ( t ) 


A + u (t) dr, — 7r < t < 0, 
p + Jq u ( r ) dr, 0 < t < tt, 


performs an isomorphism between the spaces L p (— 7 r, 7r) and KW p (—n, tt), i.e. 
the spaces L p and KW p are isomorphic, p > 1. 
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Proof. The linearity of the operator A is obvious. Let us prove its boundedness. 
Consider 

KWi = W Au Wm(-Tr,o) + W Au WwPo,ir) = 


+ 


A + / u(t) dr 
J —7r 

fi + / u(t) dr 

Jo 


+ M 


L p (-7T, 0) 


L p { — 7T, 0) 


+ 


L p ( 0,7r) 


+ H“lli P (0,7T) ^ 


< 


Lp{~7T, 0) 


+ 


+ + 


u (r) dr 


Lp(—ir , 0) 


+ IMIl p (-7T,0) + 


u (r) dr 


+ IN 


o / /-o 


< |A| 7T p + 



— 7T \«/ — 7T 


L p (0,7r) — 


u ( r )l dr ) df + hllLp^o) + 


Lp(0,7r) 

1 


7r / /*7T 


+ + 



0 \J0 


u(r)|dr dt + ||u|| L , 


do, tt) 


7TP +7TP ||m|| L i (_^ 0 ) + ll“llLp(-7r,0)) + 

+ (|//| 7TP + 7T r ||u|| Ll(0)7r ) + ||u|| ip(0)7r )) 

Applying a simple inequality (a 2 + b 2 ) 5 < |a| + |6| and then Holder’s inequality, 
we get 

W^WkW^-tt,^) ^ (l A l + H + II ^11 Lp(—7r,0) + IMIl p (0,7t)) • 

1 1 1 

From the inequality a? + bp < 2 (a + b) p, (a, b > 0) it follows 

i 1 1 

r-0 


\u\ p dt) +( j | u\ p dt ) <2( j \u\ p dt] . 


Consequently, we have 

ll^llifWp 1 - (l A l + H + IMI.Lp(-7r,7r)) = M 2 IHIl p , 

i.e. the operator A is continuous. 

Now let us show that IxerA = {0}. Let Au = 0, i.e. 

A + f^u (t) dr = 0 , Vf G [-7 r, 0), 1 
H + fg u (r) dr = 0 , Vt G [0, 7r]. J 

Differentiating these equalities, we get u (t) = 0 a.e. on (— 71 , 7r). It follows that 
A = n = 0. As a result, u = 0. 
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Let us show that ImA = KW p (—7r, 7r), where ImA is the range of the operator 
A. Let i? e KWp (—7r, 7r) be an arbitrary function and L , i = 1, 2. Put 

■d = (i9'; (—7r); i ?2 (0)). It is clear that Alt = $ and d G L p . Then it follows 

from the Banach inverse operator theorem that the operator A is boundedly 
invertible. The lemma is proved. □ 


To obtain our main results, we will largely use the following theorems from [2] 
and [6] for the exponential system 


f e i[(n+asignn)t+ / 3signnsigm] 1 
l J n<=N ’ 


( 2 . 1 ) 


where a, (3 £ R are the real parameters. 

Theorem 2.1. [2] Let —^ < ^ < ^, p > 1, ^ + ^ = 1, andoj = 2a+l —Then 
the system (2.1) forms a basis for the space L p (—7r, 7r) if and only if — ^ < oj < K 

Below is the analogue of the classical Hausdorff-Young theorem for the system 

( 2 . 1 ). 

Theorem 2.2. [6] Let — ^ q <^<^ p ,\<p<2,^ ) + ^ = l, and uj = 2a + 
1 — —. If oj , then there exists an absolute constant M > 0 and the 

system {h± (-)}neAr biorthogonal to (2.1) such that'if G L p (—tt,tt) the following 
inequality holds 

( OO OO \ q 

El°n| 9 + EKN < M \\f\\ Lp , 

n= 1 n =1 / 

where {a^ (•)} neN are the biorthogonal coefficients of the function f (•) with re¬ 
spect to the system {h± (-)} neN : a± = f (t) hn ( t)dt. 

Here 


K (t) 


1 

27T 




l) 2 e -i[{<x+W+Psignt-2p\ x 


n— 1 


m 


y. \ A ( -i \ ^ s~rm—k—ikt 

X l” 1 ! 0 -2/3 /tt e 

m =0 fc =0 


(*) 


1 

2tt 


(e^ + l)^ (e" 


l) 2 ^'^ 7r g-*[( a + 1 ) t +/ 3si ff nt - 2 ^] x 


m =1 fc=l 

where (z + 1)^ is the branches of the analytic function (z + l) 7 corresponding in 
the negative (—i r < arg z < ir) and the positive (0 < arg z < 2 tt) directions of the 
real axes on the complex plane, Cf = 7 ~ 7 1 ^'’„j 7 " +1 ' > are binomial coefficients. 



ON BASICITY OF AN EXPONENTIAL SYSTEM WITH A DISCONTINUOUS PHASE ...315 


3. Main result 

Now we state the main result of this work. 

Theorem 3.1. Let — < - < J-, \ + \ = 1, p > 1 and u = 2a + 1 — —. Then 

Z Q 7T Zu p Q 7T 

the system 

e - M u e + (•) U (e*[( n+aS ^ nn )* +/3s ^ nnS ^ m ] \ (3 1) 

l / n£N 

forms a basis for the space KW p (— ir, n) if and only if the following inequality 
holds 


1 

q 


< IW < 


1 

_ 5 

P 


where 


’(*) = 


1, —7T < t < 0, 
0, 0 < t < 7T, 


■(*) = 


0, 

1. 


—7r < t < 0. 
0 < f < 7T, 


and oti, (di & R, aj. ^ {—N} , i = 1, 2, are t/ie rea/ parameters. 


(3.2) 


Proof. Let —^ < u < P Then, by Theorem 2.1, the system (2.1) forms a 
basis for the space L p (—7r, 7r). Let us then prove that the system {uf ; u~} n&z+ 
( Z + = {0} U N), with 

«o = (0; 1; 0);u+ = (0; 0; 1), 


u+ = (i(n + ai ) u + (.) ;«+(-7r);«+(0)) , 

K = (- i(n + a 2 ) u~ (•) ; u~ ( vr); u~ (0)) , 

where u+ (t) = e <[(«+«)t+^ignt]. (i) = e -i[(„ +a )t+^sigm] j n € jy, forms a 

basis for the space L p = L p 0 C 2 . It suffices to show that every element u = 
(it; A; p) E L p can be uniquely represented in L p in the form of the following 
series 


OO OO 

U=Y^ C nK + C n fi n ’ ( 3 - 3 ) 

n =0 n=0 

The expansion (3.3) is equivalent to the following one 

OO OO 

u(t) = ^i(n + a)c+u+(t) + ^{-i) {n + a) c~u~{t), (3.4) 

n =1 n —1 

OO OO 


T = c o + U n (°) C n +^2 U n (°) c rc 
n =1 n =1 


(3.5) 


OO OO 

A = C 0 +^2 u n(~n) c h + ^2 u n(-n) c n- ( 3 - 6 ) 

n =1 n =1 

As the system (2.1) forms a basis for the space L p (—7r, 7r), the expansion of u (•) 
in the series (3.4) is unique, and the coefficients {c+; c~} neN are defined uniquely. 
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According to Theorem 2.2, under the conditions (3.2), the Hausdorff-Young 
type inequality is true for the system (2.1), i.e. the following inequality is true 
for 1 < p < 2: 


1 


( X! I ( n + “) °n ^ I (" + ") C 

\n= 1 n= 1 

Applying Holder’s inequality, we get 

OO OO / ^ 

I (n + 


-\i 


q 


< M\\u\ 


1 1 


L >-1-— 1* 

p q 


n= 1 


n =1 


^(|4| + |c n |) 

i 

OO 

E 


| n + a | 

. 1 / 


a)c+ + 


1 


n + a\ 


(n + 


a) c„ 


< 


< 


1 


Vn=l 


n + a * 


p / oo 

K n + c « 


^n=i 


HE 


1 


7 


Vrj = 1 


n + a 1 


P ( OO 

2 K n + a! ) G 


- 9 
n 


+ 


< +oo. 


Vn=l 


It is clear that for p > 2 the space L p (—7r, 7r) is continuously embedded into 
L 2 (—7T, 7r). Using Theorem 2.2 again, we have the following inequality 


X) |(™ + a)c,t | 2 + X] K n + «) c n | 2 

\n= 1 n=l y 


< Mild 


l 2 


Applying the Cauchy-Bunyakovsky inequality, we get 

1 ,, . 1 


n =1 


5Z(KI + kl) = Z) 

n=l 


In + a\ 


(n + a) c+1 + 


n + a 


(n + a) c„ 


< 


n — 


72 


Vre=l 


n + a 


^ | (n + a) 


72 


+ 


Vn=l 


dE 7 


72 


\n= 1 

As (—7r)| = \v,n (0)| = 1, it is not difficult to see that the coefficients Cq in 

the expansions (3.5) and (3.6) are defined uniquely. So we obtain that {u^} neZ 
forms a basis for L p . 

Denote = Au±. As the operator A is an isomorphism between the spaces L p 
and KW p , it is clear that the system {d^} ngZ forms a basis for KW p (—7r, n). 
We have (•) = e+ (•), (■) = e“ (•), 

d+ (t) = e i[(n+a)t+psignt}^- (t) = e -i[(n + a)t + /3signt] in G ^ 

So we obtain that the system (3.1) forms a basis for the space KW p (—7r, 7r). 

Let us prove the sufficiency. Let the system (3.1) form a basis for the space 
KW p (—7T, 7r). Then the system {h^} ngZ also forms a basis for the space L p , 
where 


n + a\ 


^2\(n + a)c. 


_ 2 
n 


72 


< +oo. 


Vrt=l 


U n 


= A 1 (e ± (•)) ;= A 1 (< (•)) ,n €. N. 
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A 1 (i9) = ($'; ( 7r); i9 2 (0)) ,i9i = l d/ I .,i = 1, 2. 

We have 

u+ = (0; 0; 1),«0 =(0; i; 0), 

«n = ( i ( n + a ) u n (•) ; « + (-7r); M + (0)), 
u~ = (—% (n + a) u~ (•); u~(—n); u~(0)) , n G N. 

Consequently, for every element u = (u; A; /i) € L p we obtain the expansion 
(3.4)-(3.6), with the coefficients defined uniquely. As a result, we obtain that 
Vu G (—7T, 7r) has a unique expansion of the form (3.4) in L v (—7r, 7r). In fact, 
let there exist another expansion for u (•) in L p : 

OO OO 

n(t) = ^i(n + a)6+u+(t) + ^(-i) {n + a)b~u~(t). 

n= 1 n=l 

Applying Theorem 2.2, it is easy to prove the absolute convergence of the series 

El&nl- Let 

OO OO 

b 0 =L- ~ 

n=l n=l 

OO OO 

b 0 = X ~ ^ u n{-^) b n -^2u-(-TT)b~. 
n =1 n=l 

The basicity of the system {Un} nG z + f° r s P ace L p implies = c±, n € Z + . 
Consequently, u (•) can be expanded in a series with respect to the system (3.1) 
in Lp (—7r, 7r) in a unique way, i.e. the system (2.1) forms a basis for L p (—7r, 7r). 
Then, by Theorem 2.1, the condition (3.2) is satisfied. The theorem is proved. □ 
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